We adopt Leaver's [1] method to determine quasi normal frequencies of the Schwarzschild black hole in higher (D ≥ 10) dimensions. In D-dimensional Schwarzschild metric, when D increases, more and more singularities, spaced uniformly on the unit circle |r| = 1, approach the horizon at r = r h = 1. Thus, a solution satisfying the outgoing wave boundary condition at the horizon must be continued to some mid point and only then the continued fraction condition can be applied. This prescription is general and applies to all cases for which, due to regular singularities on the way from the point of interest to the irregular singularity, Leaver's method in its original setting breaks down. We illustrate the method calculating gravitational vector and tensor quasinormal frequencies of the Schwarzschild black hole in D = 11 and D = 10 dimensions. We also give the details for the D = 9 case, considered in [2] .
1 Introduction and setup.
Our motivation to study quasinormal modes of Schwarzschild black holes in higher dimensions comes mainly from the possibility of studying the dynamics of gravitational collapse in vacuum initiated with the work of Bizoń, Chmaj and Schmidt [3] . At the expense of going to higher (D ≥ 5) odd dimensions, they showed how to evade Birkhoff's theorem and study gravitational collapse in vacuum at radial symmetry. It was shown [3, 2] that for D = 5, 9, the D-dimensional Schwarzschild black hole is the attractor for large initial data and at some intermediate times the solution settling down to the Schwarzschild black hole, obtained from nonlinear numerical evolution, is well approximated outside the horizon by the least damped quasinormal mode. Therefore the precise values of fundamental quasinormal frequencies of Schwarzschild black holes in odd dimensions are urgently needed, as they help to check the validity of the numerical code used in evolution. The reliable values of quasinormal frequencies of Schwarzschild black hole are available for D = 5 case [4, 5] , but for D > 5 only results from WKB methods are published [6, 7, 8] and it is known that they may be not accurate for small values of angular momentum and/or higher overtones. Therefore getting these values with Leaver's method of continued fractions [1] , giving the most precise values of quasinormal frequencies in D = 4 and D = 5 dimensions, is worthwhile. We describe below how to modify Leaver's method to obtain gravitational vector and tensor quasinormal frequencies of Schwarzschild black hole in D ≥ 10 dimensions. The line element of the Schwarzschild solution in D-dimensions has the form
with
1 type differential equation
where the tortoise coordinate x is defined by dx/dr = A −1 (r) and the parameter s depends on the type of the perturbation (s = 0 for the gravitational tensor and s = 2 for the gravitational vector perturbation). Eq. (3), derived independently by Gibbons and Hartnoll [9] and Ishibashi and Kodama [10] , generalises the well known Regge-Wheeler equation [11] to D-dimensions. In this setting quasi normal modes are defined as solutions of (3), satisfying the outgoing wave boundary conditions
with Im(k) < 0. The corresponding values of k are called quasi normal frequencies. Eq. (3) has D − 2 regular singular points (at r = 0 and at D − 3 roots of r D−3 = 1) and the irregular singular point at infinity. Leaver's method [1] of determining quasi normal frequencies consists in separating boundary behavior and then transforming r into ρ(r) in such a way that the singularities at r = 1 (horizon) and at r = ∞ become the closest singularities in the ρ plane. In D = 4 it is accomplished with the substitution
where
and the coefficients a n are given by the 3-term reccurence relation
n a n + γ
n a n−1 = 0,
with the initial condition a 0 = 1, a −1 = 0 and γ (j) n given in [1] . Then, the quantization condition is the convergence of the series (6) on the convergence radius ρ = 1. The two linearly independent solutions of the reccurence behave as
thus the minimal solution makes the series (6) convergent at ρ = 1. The discrete values of k for which the solution given by the initial condition a 0 = 1 and a −1 = 0 is a minimal one define quasi normal frequencies. For these values the following equation, involving an infinite continues fraction holds
To determine the quasi normal frequencies we truncate the infinite continued fraction in (9) at some denominator and seek for the solutions of (9) which are stable with respect to the change of depth of this truncation.
In general for even D > 4 the substitution
leads to a (2(D − 3) + 1)-term reccurence relation, while for odd D the substitution
more of the D − 3 singularities, spaced uniformly on the unit circle |r| = 1, approach the horizon at r = 1 and no simple transformation can move them away from the circle centered at the horizon and the radius corresponding to r = ∞ in the ρ plane. In the case of eq. (3), this difficulty arises first at D = 10. (The transformation ρ(r) has to be simple enough to be easily inverted into r(ρ), in our case it is a homography). Therefore, for D ≥ 10 the solution starting from the horizon has to be continued through some mid points 0 < ρ < 1, laying within the convergence radius of the presently used series representation of the solution, and Leaver's continued fraction condition can be applied only if it is the irregular singularity corresponding to r = ∞, which limits the convergence radius of the presently used series representation.
2 The D = 11 case.
As an example, to illustrate how the above prescription works, we determine quasinormal frequencies of the Schwarzschild black hole in D = 11 dimensions. We choose D = 11 as, due to our motivation given in the introduction, we are interested in odd dimensions and D = 11 is the smallest odd dimension in which Leaver's method in its original setting breaks down for D-dimensional generalization of Regge-Wheeler potential (3). In eq. (3) we substitute
The singular points of eq.(3) at r = 1, e ±iπ/4 , ∞ are transformed into ρ = 0, 1 − 1/ √ 2 ± i/ √ 2, 1 respectively (other singular points are placed at |ρ| > 1). The singularities at ρ = 1 − 1/ √ 2 ± i/ √ 2 limit the convergence radius of the series representation of the solution u (ρ) = ∞ n=0 a n ρ n , to 2 − √ 2 ≈ 0.76. We choose ρ 0 = 1/2 (which is a regular point) as a mid point. We have
The coefficientsã n fulfill 2(D − 3) + 1 = 17-term reccurence relation, which reduced to the 3-term one via Gauss elimination [12] , and then inserted into (9) yields quasinormal frequencies.
All reccurence relations are obtained analytically in Mathematica computer algebra package. Then all other tasks (findingã 1 /ã 0 from eq. (14), reduction of the (2(D−3)+1)-term reccurence relation forã n to the 3-term one via Gauss elimination and finding the roots of the continued fraction relation (9)) are done numerically, by the program in the C programing language. To determine the roots of the continued fraction relation (9) we use Newton-Raphson root searching algorithm [13] . and especially for the overtones there are differences exceeding 10%. As Leaver's method works well both for smaller and larger values of L, we believe that the error is on the WKB method side (see the comments in [8] ).
3 The D = 9 case.
Here we give the details for the D = 9 case, skipped in [2] . The substitution (11) leads to 2(D − 3) = 12-term reccurence relation
n a n + ... + γ (12) n a n−10 = 0,
with Gauss elimination [12] , and insertion into (9) yields again quasinormal frequencies. The first three quasinormal frequencies for vector and tensor gravitational perturbation of the Schwarzschild black hole, for different values of L, are given in table 3.
Summary.
We have shown how to use Leaver's [1] method of continued fraction in the case of a number of regular singular points, which set lower bounds on the convergence radius of the series representation of a solution than irregular singular point. This prescription is general and together with Leaver's method makes a powerful tool in determination of quasinormal frequencies for wave equations and resonances in quantum mechanics.
